Abstract-In this paper, an analytical expression of nonlinear power amplifier characteristic based on orthogonal polynomials method for filter bank multicarrier modulation (FBMC) systems is proposed. FBMC has been widely deployed for broadband wireless communications. Nevertheless, one of the drawbacks of the FBMC systems is a large peak-to-average power ratio (PAPR) in its time domain signal. This leads to a nonlinear distortion when the signal is passed through a high power amplifier (HPA) of a transmitter. In this paper, an analytical computation of the HPA characteristic based on the orthogonal polynomial method for baseband uniform, exponential, and Rayleigh input distribution with odd and even polynomial coefficient order is proposed. The HPA modelling error comparison between the proposed orthogonal method and the conventional polynomial method is investigated at a different IBO. Simulation results show that the proposed orthogonal polynomial method is superior to the conventional polynomial method. Moreover, the HPA modelling error of the proposed orthogonal polynomial method for uniform input distribution yield better result compared with the exponential and the Rayleigh input distribution case.
I. INTRODUCTION
It is well-known that the filter bank multicarrier modulation (FBMC) technique, which is the multicarrier techniques-based communication, will play an important solution for achieving high data rate 5G communications [1] . However, a major drawback of the FBMC signal is the high Peak to Average Power Ratio (PAPR), which arise from the superposition of many variations in the signal envelope. When the signal is passed through a nonlinear device such as a high power amplifier (HPA), a significant nonlinear distortion is occurred, which lead to a performance degradation of the system. To avoid the distortion of the signal, the HPA linearization design is often required. Many HPA linearization methods have been proposed based on the look-up table (LUT) or models such as a Volterra series, the rational function, Wiener-Hammerstein systems, and memory polynomial model [2] . For model-based approaches, the polynomial model is the simplest technique and is commonly used for implementation. Nevertheless, there is a lack of study on the analytical computation of the HPA characteristic. In [3] , a performance analysis for bit error rate expression is derived for FBMC/OQAM system with non-linear HPA by varying constellation size in OQAM modulation and input back-off. In [4] . the impact of the nonlinear distortions and a theoretical characterization of a soft envelope limiter (SEL) HPA model in the orthogonal frequency division multiplex (OFDM) systems has been investigated. However, an analytical HPA characteristic expression proposed in [4] could not be easily applied to the solid state power amplifier (SSPA), and the travelling wave tube amplifier (TWTA) HPA model. In [5] , a complete theoretical characterization of the nonlinear HPA for FBMC systems has been proposed by using a polynomial fitting method, which can be utilized to any type of HPA models. In [6] , the effect of the nonlinear based on memory-less HPA models have been studied and an analysis BER performance of FBMC schemes based on the polynomial approximation method have been proposed. There are researches regarding the analytical HPA characteristic expression based on the polynomial mathematic method. Nevertheless, the basic polynomial approximation could not be well suited comparing with other mathematic method [7] . This fact motivates us to propose an analytical expression of nonlinear power amplifier characteristic based on the orthogonal polynomial method for FBMC system. Moreover, the HPA characterization in a different input distribution is further investigated in order to ensure the numerical efficiency of the orthogonal polynomials method. The HPA modelling error, verified by a normalized mean squared error (NMSE), comparing between the conventional polynomial method and the proposed orthogonal polynomial method at a several IBO values is determined. The contributions of this paper is to derive the HPA characteristic expression by using the orthogonal polynomial mathematic method with odd and even coefficient order terms in three input distribution cases, which are 1) the uniform based-orthogonal polynomial method, 2) the exponential based-orthogonal polynomial method, 3) the Rayleigh based-orthogonal polynomial method.
The organization of this paper is as follows. In section II the HPA models characteristic of the FBMC systems and the nonlinear HPA conversion characteristics are described. In Section III, we detail the derivation of the proposed orthogonal polynomial method. The simulation results and the conclusion are given in Section IV and V, respectively.
II. SYSTEM MODEL
In this section, the HPA models characteristic of the FBMC systems and the nonlinear HPA conversion based on the polynomial method are described. Fig. 1 . FBMC systems. Figure 1 shows the FBMC systems block scheme. The modulated symbol Z in the frequency domain is converted to the time domain signal by the IFFT and digital filters processing for generating an FBMC signal z(t). After that, the baseband signals is passed through a nonlinear high power amplifier (HPA), which leads to a substantial amount of signal distortion. The amplified signal y(t) is defined by the AM/AM characteristic ( ( )) and the AM/PM characteristic ( ( )) of the HPA as [4] 
A. HPA Model
where , is the signal input modulus and phase respectively.
( ) = ( )exp( ( )) is the complex soft envelop of the amplified signal y(t).
According to the Bussgang theorem [8] , the nonlinear HPA output y(t) can be written as
where K(t) is a complex gain and d(t) is an additive zero mean noise uncorrelated from z(t). For the sake of simplicity, the time variable (t) is discarded.
The complex gain K can be determined by
where . is the expectation operator.
The variance of the nonlinear distortion noise d(t) can be determined by evaluating its mean [4] . From (2) , is given by
Substituting y(t) in (1) into (4), the variance is
In general, the HPA is operated at a given input back-off (IBO) from a given level for reducing the effects of nonlinearities. The IBO is defined as = 10 (6) where σ is the variance of the input signal (mean input signal power) and Asat is the HPA input saturation level.
Basically, a normalized mean squared error (NMSE) is employed in order to verify the quantitative measure HPA modelling error defined as [9] ( ) = 10
where ( ) is the measured HPA output and ( ) is the HPA modelled output. D is the number of input samples.
B. The Nonlinear HPA Characterization Based on the Polynomial Method
Based on a nonlinear power amplifier system, the baseband output y(t) of a polynomial model can be written as [10] 
where ∅ ( ( )) = | ( )| ( ) is the conventional polynomial basis function. z(t) is the HPA input and L is the polynomial order.
is the conventional polynomial coefficient at order k, which can be calculated by using the least-squares (LS) solution [9] .
In order to simplify the computation and achieve the analytical expressions of the complex gain (K), the new HPA output y(t) is written as [5] 
Therefore, the polynomial approximation of S(ρ) is
.
In order to determine the complex gain (K), (10) is substituted into (3) and the expression is derived to obtain the following equation
The expectation of a power of the Rayleigh random variable is investigated by the kth-order derivation of the moment-generating function (MGF). Finally, the analytical expressions of the complex gain (K) for any HPA model based on the polynomial method can be defined by [5] = 8 ( + 1) (2 + 1)
III. THE PROPOSED METHOD
The nonlinear HPA is an important section in the communication system because its nonlinearity causes a substantial amount of signal distortion. Therefore, an analytical HPA characterization is often necessary issue. In this paper, an orthogonal polynomial fitting method for the HPA characterization is proposed for uniform, exponential and Rayleigh input distribution case.
A. The Uniform Based-Orthogonal Polynomial Method
Based on the conventional polynomial method, the numerical instability is one of the major problems. To cope with such issue, the orthogonal basis function is considered by using the orthogonal polynomial basis function.
The HPA output y(t) based on the orthogonal polynomial method is modified as
where is the orthogonal polynomial coefficient at order k, which can be calculated by using the least-squares (LS) solution [9] . L is the polynomial order and is the orthogonal polynomial basis function with odd and even polynomial coefficient order k.
To obtain the closed-form expressions for the orthogonal polynomials, an upper triangular matrix U cloud be applied. The orthogonal polynomial basis function can be examined by
where is an upper triangular matrix with kth-order orthogonal polynomial for the uniformly distribution given by
The baseband output y(t) in (13) can be modified as
Therefore, the orthogonal polynomial expression of S(ρ) is
The HPA gain based on the orthogonal polynomial method for the uniformly distribution can be determined by substituting (17) into (3), which is
B. The Exponential Based-Orthogonal Polynomial Method
In theory, the orthogonal polynomial basis is related to the probability density functions (PDF) of the input signal. The PDF, denoted as ( ), for the truncated exponential input distribution is defined by [9] 
when is the variance of the input signal and is related to the input signal. Basically, the expectation of random variable signals can be determined from its PDF.
The moment-generating function (MGF) of the truncated exponential distribution can be defined by
Therefore, the expectation of the truncated exponential distribution is investigated by the mth-order moment, which is [11]
Substituting (21) into (18), the complex gain K for the exponential input distribution is given by
C. The Rayleigh Based-Orthogonal Polynomial Method
The PDF of the truncated Rayleigh input distribution is determined by
The moment-generating function (MGF) of the truncated Rayleigh distribution can be defined by
The expectation of the truncated Rayleigh distribution is investigated by the mth-order moment, which is [11] 
Similarly, the complex gain K is examined by substituting (25) into (18). The HPA gain based on the orthogonal polynomial method for the Rayleigh distribution is expressed as
IV. SIMULATION RESULTS
In this section, based on a computer simulation, the performance of the derived HPA characterization is evaluated in terms of a HPA modelling error, which is verified by a normalized mean squared error (NMSE). Without loss of generality, the noise distortion parameter is not considered in the HPA characteristic expression. In our analysis, the commonly used SSPA model is employed as the HPA output ( ) for investigating the NMSE with parameters Asat = 1, v = 10 [12] . In the simulations, a total of 5000 input and output samples are available. The conventional polynomial basis function with the different polynomial order k is illustrated in Figure 2 and the orthogonal polynomial basis function is shown in Figure 3 . Figure 4 at the polynomials order 1, the HPA modelling error of the uniform, the exponential and the Rayleigh based-orthogonal polynomial method is equal to -4.5 dB, -0.3 dB and -1 dB, respectively. At the polynomial order 11, the HPA modelling error of the uniform, the exponential and the Rayleigh based-orthogonal polynomial method is equal to -10 dB, -6.8 dB and -6 dB, respectively. For the conventional polynomial method, the HPA modelling error is equal to 0 dB and -1.9 dB at polynomial order 1 and 11, respectively. From the figure, it clearly seen that the HPA modelling error of the orthogonal polynomial method is yield the good performance compared with the conventional polynomial method for full polynomial order ranges . However, the exponential and Rayleigh basedorthogonal polynomial method outperforms the conventional polynomial method largely when the order is more than 10. As a result, it is implied that the orthogonal polynomial method offer the good performance when a high order is applied. From Figure 5 , it could be observed that the uniform based-orthogonal polynomial method offers the same HPA modelling error. Considered the polynomial order 11 at IBO 6, the HPA modelling error of the conventional polynomial method, the exponential and the Rayleigh based-orthogonal polynomial method is equal to -2.2 dB, -7.5 dB and -6.5 dB, which is less than that of IBO 4 by 0.3 dB, 0.7 dB and 0.5 dB, respectively. At polynomial order 11 at IBO 8, the HPA modelling error of the uniform, the exponential and the Rayleigh based-orthogonal polynomial method is equal to -10 dB, -8.3 dB and -8.8 dB, which yield the better result comparing with the conventional polynomial as illustrated in Figure 6 . However, the exponential based-orthogonal polynomial method is better than the conventional polynomial method when the order is more than 10. As a result, it is clearly seen that the uniform based-orthogonal polynomial method provides the lowest HPA modelling error. Moreover, it is worth noticing that the exponential and the Rayleigh based-orthogonal polynomial method provide higher HPA modelling error when IBO value increase, meanwhile, the uniform based-orthogonal polynomial method do not introduce a different result for any IBO values.
For comparing among the three methods based on the orthogonal polynomial scheme, it could be found that the uniform based-orthogonal polynomial method outperforms the exponential and the Rayleigh based-orthogonal polynomial method, especially at a low IBO value.
V. CONCLUSIONS
In this paper, an analytical derivation of the HPA characteristic expression by using the orthogonal polynomial fitting method for baseband uniform, exponential, and Rayleigh input distribution with odd and even polynomial coefficient order is proposed. From the simulation results, it is clearly seen that the orthogonal polynomial methods outperform the conventional polynomial method, especially when a high order is applied. Among three methods based on the orthogonal polynomial scheme, the uniform basedorthogonal polynomial method introduces less error comparing with the exponential and the Rayleigh basedorthogonal polynomial method for full polynomial order ranges. Moreover, the uniform based-orthogonal polynomial methods do not introduce a different result for any IBO values, in contrast with the exponential and the Rayleigh basedorthogonal polynomial method. As a result, it could be implied that the nonlinear distortion caused by the HPA is more improved by using the proposed model, which could enhance the BER performance of the systems. For the future work, the BER performance analysis is investigated.
